V ¤ ariational calculations of the ground-state energy of helium are performed using a basis set representation that ¥ includes an explicit treatment of the Fock expansion in hyperspherical coordinates. The construction of basis ¦ functions that have the correct cusp behavior at three-particle coalescence points and the evaluation of integrals containing these functions is discussed. The basis set in hyperspherical coordinates is added to a basis set § consisting of products of Laguerre polynomials in perimetric coordinates. It is demonstrated that the use of Fock basis functions provides a substantial improvement in the convergence rate of the basis set expansion.
I. INTRODUCTION
A two-electron atomic system is an excellent testing ground for new quantum theories since it is the simplest system with enough complexity to contain the main features of a many-body theory. This complexity arises from the electron-electron Coulomb energy which depends on the interelectronic distance r 12
. Furthermore, the scaled Hamiltonian for infinite nuclear mass and charge Z, with improvements in measurement techniques. Therefore, it provides a standard for theoretical calibration. After the wave function belonging to this Hamiltonian has been P obtained, it is possible to compute perturbative corrections to the nonrelativistic energy. It has been established Q 1R that relativistic and QED corrections to the energy levels of an ( atomic or molecular system require highly accurate nonrelativistic S wave functions. Rayleigh-Ritz variational calculations provide a wave function with relative error approximately proportional to the square root of the relative error in the energy. Therefore, if nonrelativistic variational wave functions T are to be used for perturbative applications, and if the energies are used to estimate the quality of the wave functions, then it is necessary to calculate the nonrelativistic ener gies to far greater accuracy than would otherwise be needed.
U
The success of variational calculations depends upon the rate of convergence of the basis set expansion used to construct the trial wave function. The convergence rate is controlled by the analytic structure of the exact wave function V 2-7W . For problems in atomic or molecular physics, the main consideration when constructing trial wave functions is the cusp behavior at two particle coalescences. This behavior is the presence of a logarithmic singularity as the hyperradius tends to zero. This region is only a tiny part of the full configuration space and is often neglected when constructing trial wave functions. In such cases, the convergence rate can be very slow, particularly if the basis functions that must approximate the neighborhood P of the singularity are inflexible. A primary objective of this work is to handle the logarithmic singularity directly so that the remainder of the basis set is free to concentrate on regions S of configuration space that are further away from the nucleus. If successful, this strategy should provide an improved convergence rate for the basis set expansion, or equivalently , a more compact representation of the helium wave function. Many different basis sets have been applied to the helium Hamiltonian 1 with varying degrees of success. It is not the intent X of this work to provide a complete account of the many contributions that have been reported in the literature for this problem. However, we would like to benchmark the present method, so it is useful to provide a brief review of some of the current standards. 
where . These angles are defined by gives the volume element
III. FOCK EXPANSION
In order to construct basis functions that incorporate the Fock ¿ expansion, it is necessary to know the angular coefficients 
The inhomogeneous problem § 1. Although these singularities are outside the physical range 0 X /2, they will nevertheless have an important impact on the convergence rate of the basis set expansion used to obtain the higher-order terms of the Fock expansion and ultimately on the effectiveness of the numerical methods used to compute the matrix element integrals. To obtain the higher-order terms of the Fock expansion, the inhomogeneous problem 2 9 was 1 solved numerically 3 3 
where T m are Chebyshev polynomials of the first µ kind with x ¶ and y related to the Pluvinage angles by 
be evaluated by using contour integration in the complex z plane. w The result is
The contour is shown in Fig. 1 . The large-n
where R is the largest value such that (1 5 7 6
is analytic within the ellipse 9 3 6,37 This estimate is confirmed by the observed convergence behavior and is useful when analyzing matrix element evaluation in Sec. V.
IV. BASIS SET
From the considerations of the preceding section, we have at our disposal all the terms of the Fock expansion through any desired order. We note, however, that we cannot simply add the terms of the Fock expansion directly to our basis set since g they do not falloff properly at large distances. We can get around the problem by building in the exponential decay at large distances and then removing the exponential effects at small distances. The resulting function is 
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on the singularities of f Û . We use Gauss-Laguerre quadrature for the hyperspherical radial integrations 
where
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Since the weight functions all depend on and
we must use the total derivative operator
operating on any of the weight functions. The derivatives
the Fock functions will contain up to three powers p of the logarithm, and the corresponding integrals will contain z up to six powers of the logarithm. Because the modified Gauss-Laguerre quadrature In order to use the quadrature rules outlined above, the matrix Þ element integrands need to be separated into pieces which Ï contain no logarithms, pieces which contain one power Ø of the logarithm, pieces which contain two powers of the Ò logarithm, and so on. For the Gram matrix elements this separation ß procedure is no problem, but for the Hamiltonian matrix Þ elements the separation becomes more difficult due to the Ò various derivatives involved. The difficulties with differentiating à and separating the Fock function integrands may be reduced á if a symbolic manipulation program is used. The Hamiltonian â derivative operations and logarithmic separation procedures Ø were performed by considering the function 
VI. RESULTS
The singlet and triplet eigenvalues may be computed with a 
